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FOREWORD

An important limitation upon the development of aircraft structures of minimum weight and
maximum efficiency 18 the fact that the results of the basic mathematical theory of elasticity hare in
general not been so presented that they can be used by the arverage American engineer. Further,
the mathematical solutions of many important specific problems are not known and our knowledge
of the physical constants of the materials used is incomplete. As a coniribution toward the improve-
ment of this situation, the Bureau of Aeronautics of the Navy Department has from time fo time
JSinanced work along these lines for presentation primarily from the viewpoint of the engineer. This
report, submitted to the National Advisory Commitiee for Aeronautics for publication, corers an
investigation of the torsion problem by the Forest Products Laboratory, Forest Service, Department
of Agriculture, undertaken through arrangements between the Navy Department and the Department
of Agriculiure. The discussion and the findings, while checked Zargely by tests of wooden specimens,
apply equally to 'wood and to metal, due consideration being given to the elastic properties of the
materials used.

The data and the formulas presenied apply strictly to the torsion phenomenon. A beam may
fail either in a normal type of bending or by lateral buckling resulting from normal loading, or by
twisting or wrinkling of an outstanding flange under stresses having their origin in the normal
loading. Likewise, a member such as a very thin tube subjected to torsion may fail at a load less
than the theorefical load calculated by the torsion formulas because of other phenomena, such as
wrinkling, which hare their origin in the fwisting load. It is necessary either to develop criteria for
freedom from such secondary failures or to apply coefficients to the calculated strength values to take care
of secondary Jailure. Technical Note No. 189 of the National Advisory Committee for Aeronautics,
which gives formulas for the rariation of allowable shearing stress with change in the ratio of diameter
to thickness, indicates one method of approach to this problem. The Army and Navy Standards for
sizes of tubing permit a range in the ratio of diameter to thickness for seamless tubing of about 5
to 43, and tubes of fLigher ratio can of course be fabricated.

It should be noted that the polar moment of inertia and the polar moment of inertia dirided
by the distance fo the exireme fiber hare no significance in comparing the rgidity and the strength
of sections of different form; in this respect they are not analogous to the use of the moment of inertia
and the section modulus in comparing the bending of beams. It so happens that the rigorous stress

Jormulas for circular rods and tubes as given in the report reduce to the common form q=%, which is

analogous to the stress formula S=‘1—§—-0jor beams. The beam formula, howerer, is general, while

the common forsion formula 18 true only for circular rods and tubes. For members of other shapes
an additional factor must be introduced info the formula when reduction is made to the common
form.

The results of the actual torsion tests of simple sections in Table III show large variations
in obserred physical properties, which may cause doubt as to the soundness of design values deduced
Jrom the results. Actually part of the material reported on, while acceptable for making tests, is

outside the specified acceptable range for aircraft stock—the test material represented the entire
tree. Later recommendations for design values are based on the specification range and are con~ -

servative for reasonable variations ouiside that range. For metals these rariations (in the ratio of
“G” to *“ E” values) are much less in amount.
Recommended design stresses as furnished by the Bureau of Aeronautics are given in Appendu: C.

~- J. H. Towzgs,
Acting Chief of Bureau.
v 673






REPORT No. 334

THE TORSION OF MEMBERS HAVING SECTIONS COMMON IN
ATRCRAFT CONSTRUCTION!

By George W. Traver and H. W. Marcr?

INTRODUCTION AND PURPOSE

Structural members designed for pure torsion are usually made wifh circular, elliptical,
rectangular, or other regular cross sections that have already yielded to direct mathematical
treatment as regards torsion. However, members designed primarily for thrust or bending
and consequently as & usual thing of irregular section are subjected to torsion also, and under
certain conditions they may fail by buckling and twisting through lack of sufficient torsional
rigidity. In order to design against the possibility of such failure in thin deep beams or in
compression members with thin, outstanding parts, we must be able to calculate their torsional
rigidity. Such sections as I, T, L, and U have not been brought within the range of mathe-
matical analysis and up to a few years ago the engineer had practically nothing on which to
base an estimate of the torsional strength and rigidity of rods of irregular section. This publi-
cation presents the results of investigations of the torsion of structural members undertaken
by the Forest Products Laboratory and financed by the Bureau of Aeronsutics, Navy Depart-
ment, under the national defense act.

VWithin recent years a great variety of approximate torsion formulss and drafting-room
processes have been advocated. In some of these, especially where mathematical considera-
tions are involved, the results are extremely complex and are not generally intelligible to engi-
neers. The principal object of the investigation was to determine by experiment and theoretical
investigation how accurate the more common of these formulas are and on what assumptions
they are founded, and, if none of the proposed methods proved to be reasonably accurate in
practice, to produce simple, practical formulas from reasonably correct assumptions, backed
by experiment. A second object was to collect in readily accessible form the most useful of
known results for the more common sections.

This report reviews informally the fundamental theory of torsion and shows how the more
common formulas are developed from it. Formulas for all the important solid sections that
have yielded to mathematical treatment are listed. Then follows a d1scus310n of the torsion
of tubular rods with formulas both rlgorous and approximate.

It is shown by a series of tests of prisms of simple section that wood is a suitable material for
the experimental investigation of the torsion problem. Accordingly, wood was used for the
experiments on full-sized members because of the ease with which it can be worked into dif-
ferent shapes and because of its low torsional stiffness. The possible effect of different moduli of
rigidity in radial and tangential planes was investigated mathematically, and the effects of
rate of loading and of moisture content were determined experimentally. Furthermore, soap
films were used in order to take advantage of & mathematical similarity that exists between the
torsion problem and the problem of finding the deflection of a thin membrane under pressure.
The analogy is discussed in detail in the report.

1 Originally submitted as “The Torslon of Cylinders and Prisms.”

1 Professor of mathematics, University of Wisconsin. .

Nore.—R. J. Roark, associate professor of mechanies, University of Wisconsin, collaborated with the anthors in cerfain phases of this investi
gatlon, giving especisal attention to the soap-ilm method.
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Our experimental work with beams of irregular sections that have not yielded to mathe-
matical treatment is described. From these experimients and certain mathematical considera-
tions, empirical formulas are set up for irregular sections whose component parts are rectangles.

TEST MATERIAL AND PROCEDURE
DIRECT TORSION TESTS OF BEAMS

The first series of direct torsion tests was confined to rods of simple section, such as the
circle, the square, the ellipse, and the equilateral triangle. The test specimens were made of
carefully selected Sitka spruce and when several were to be compared directly they were cut————
from the same plank. The elastic properties of the material in any plank were obtained by
testing small minor specimens cut from the plank and so located as to be representative. These
specimens usually consisted of two hending, two corpression parallel to-the grain, two specific
gravity, eight shear, and three torsion specimens. The three minor torsion specimens con-
sisted of one piece approximately 1} inches square, one piece 1 by 3 inches quarter-sawn, and
one piece 1 by 8 inches flat-sawn. Four of the shear specimens were tested radially and four
tangentially. All major torsion specimens for this first series of tests were 45 inches long and
the area of cross section was usually less than 2 square inches.

The second series of tests was made on beams of irregular section, such as I, T, L, and U.
These beams were 96 inches long, w ere cut from clear Sitka spruce planks, and were matched
as described for the first series.

The apparatus for the first two series of tests which was. constructed expressly for these
tests, consisted essentially of an attachment for holdmg one end of the beam fixed against
rotation and a disk for applying torque at the other end. (Fig. 1.) Rollers at the fixed end
provided for longitudinal movement. The disk, which was 10 inches in radius, turned on
ball bearings. It was rotated by a metal strap attached to and passing around its periphery
and thence up to a yoke attached to the weighing platform of a scale, which was accurate to
one one-hundredth of a pound. The entire scale was bolted to the movable head of a testing
machine and load was applied by raising the head. The usual length over which distortion was
read, called the ‘“gage length” in this report, was 24 inches for the short specimens and 36
inches for the long specimens. At one end of the gage length a circular metal frame with a
20-inch radius was clamped to the specimen. On the periphery of this circular frame was
attached a steel tape graduated to tenths of an inch. At the other end of the gage length =
rectangular frame was also clamped to the specimen, and welded to this frame was & pointer
that extended to the scale on the circular frame. As the beam was twisted the scale rotated
more than the pointer. Determining the excess movement of the scale by reading the position
of the pointer on it thus yielded the angle of twist over a given gage length directly, the total
angle in radians being the scale reading divided by the radius, 20 inches. The angle of twist
per unit length, in radians, is then this quotient divided by the gage length. Except for tests
made specifically to determine the effect of rate of loading, the rate was varied with the
type of specimen, in order to obtain approximately the same rate of strain in all tests. Such
variation necessitated raising the movable head of the testing machine at rates of from 0.674
inch per minute t0 1.40 inches per minute. For tests made to determine the effect of rate
of loading, the speed of the movable head was varied from 0.023 inch per m1nute to 2.25 inches
per minute.

SOAP.FILM TESTS

The value of soap films in determining the torsional rigidity of a twisted rod and the
stresses in it-depends upon an analogy between the torsion problem and that of finding the
deflection of a thin membrane under the action of a uniform load. The mathematical simi-
larity is disoussed later in this report, where it-is shown that if a soap film is stretched over a
hole in a flat-plate, the hole being the same shape as the cross section of the bar and the film
being displaced from the plane of the plate by a shght difference in pressure on the two sides,
the following relations hold:
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1. The shear stress at any point of the cross section is proportional to the slope of the film
at the corresponding point with respect to the plane of its boundary.

2. The contour lines of the film represent the direction of the resultant shear stress at every
point.

3. The torsional rigidity of the section is proportionsal to the volume between the s0ap
film and the plane of the plate.

In order to make use of the analogy it was necessary to design apparatus with which the
slope of the film, its contour lines, and the volume of displacement could be determined. The

FIGURE 1.—Apparatus for applying torque to structural shapes and measuring the angle of twist

apparatus was patterned after that used by Griffith and Taylor and described by them in
Advisory Committee for Aeronautics (British) Reports and Memoranda No. 333, June, 1917.
As pointed out, the stresses in the bar are proportional to the inclination of the film and the
stiffness of the bar is proportional to the volume generated by the film displacement. The rela-
tions hold for any number of films provided the difference in pressure on the sides of a film is
the same for all. This condition is readily attainable by making more than one hole in the
same test plate; it is evident that the easiest way of obtaining actual stress or rigidity values
is to have a circular hole in each plate in addition to the hole that represents the section being
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studied. The rigidity of a circular shaft and its stresses are easily calcutated, and having the
two films in the same plate makes it possible to compare torsional rigidities directly by com-
pering volumes and to compare stresses directly by comparing slopes. B

In sssembling the apparatus, a plate with the experimental hole and a circular hole cut
in it (fig. 2) was clamped between the bottom and the sides of a cast-iron box (fig. 3). The box
bottom, which was 11% inches square outside and 2 inches thick, was supported on leveling

Miotge

FieURE 2.—The soap-film apparatus with the upper part of the box removed to show the per-
forated plate

screws. It was recessed ¥ inch inside of the ¥-inch bearing surface on which the plate rested.
A square frame ¥ inch thick and 2 inches deep formed the sides of the box; both bottom and
frame were provided with lugs for clamping screws. ~Over the frame was placed a piece of plate
glass through the center of which a hole had been cut for & micremeter height gage, reading to one _
one-thousandth of an inch, that carried at its lower end & hardened steel needle point. Fixed
exially above the needle point, extending upward from the frame supporting the gage, was a
steel recording point. The position of the gage, at each reading, was recorded by pressing
against it a sheet of paper attached to a board that gould be swung down to the horizontal for
this purpose; the board was hinged to-the heavy cast-iron base on which the bubble box was
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leveled. Provision was made for increasing the air pressure below the soap films or decreasing
it above them.

With this apparatus contour lines and hence displacement volumes could be determined.
Stress could also be determined, since it is inversely proportional to the distance between con-

—

FicGRE 3.—The complete assembly of the soap-8lm apparatus
secutive contours. A collimator for measuring slope directly was made but time and funds
allotted to the study were exhausted before it was put in use.

The test plates were cut from sheet aluminum approximately 0.05 inch thick. The edges
around the test holes were beveled; the sharp edge was placed upward in the apparatus and
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great care was taken to keep the plates perfectly flat. When divergences from a plane were
found they were carrected by propping up the plate from below or by putting small weights
on top of it. '
With symmetrical sections a complete boundary sometimes was not used. Griffith and
Taylor found that the shape of a symmetricel film was unaltered if the film was divided by
& vertical septum passing through its axis of symmetry. In our work a septum was carried
down about one-eighth inch below the under side of the plate. Figure 2 shows a septum in place.
Best results were obtained with a circular hole about 3 inches in diameter and with the
dimensions of the experimental hole such that the ratios of the heights of the bubbles over the
two holes were between 2 and 1. o
In carrying out the esperimental work, a film was drawn across the holes with a strip of
celluloid wet with soap solution. The blowing up was done through a burette, the bottom of
which was connected to the lower end of a column of water, through a stopcock, and the top to
the chamber below the test plate. As water was passed into the bottom of the burette, air was
forced out of the top into the apparatus. This method was employed instead of blowing up the
bubbles.with air from the lungs because the carbon dioxide introduced by that method was harm-
ful to the bubbles.. : L - —_— S L
The suceess of the method depends largely on obtaining a soap film that will permit the taking
of a great number of readings. Some difficulty was. at first encountered in obtaining a suitable

soap solution. All formulas investigated produced films that would last: but a few minutes until . .

a solution used by Dewar was tried. With this solution we were able to obtain films that would
often last throughout a whole working day. It was made by adding & very small quantity of
triethylamine oleate to a 50 per cent solution. of glycerine in distilled water. The triethylamine
oleate was prepared as follows, using 2 grams of triethylamine to 5 grams of oleic acid:

The amine was dissolved in warm water and the oleic acid was slowly stirred in. Excess
emine in the emulsion was expelled by distillation and the water was expelled by subsequent
evaporation on a steam bath. In the preparation an excess of oleic acid should be avoided, since
it is not volatile.

Other oleates, such as ammonium, sodium, and potassium, were found by Dewar to be
very successful, but the triethylamine solutions are by far the most resistant to atmospheric
impurities. : : : : - :

DISCUSSION
THE TORSION PROBLEM

If a right cylinder or prism is twisted and held ip equilibrium by means of couples applied
at its ends, the portion of the cylinder or prism between eny cross section and one end is in
equilibrium under two equivalent couples, one in the plane of the cross section and the other the
applied couple at the end. The couple in the plane of the cross section will be regarded as'the -
resultant of a suitable distribution of shearing stress, which consists of tangential tractions in
the plane of the section combined with equal tangential tractions along appropriate longitudinal
sections. Since the cylinder or prism is in equilibrium under the action of the couples that are
applied at its ends, the cylindricel surface must be free from traction. ' _

Corresponding to the shearing stresses just referred to, there will be shearing strains of
two types, one consisting of the sliding of the elements of one cross section over those of ap. ad-

joining section, the other of the relative sliding of different longitudinal elements in the direction T

of the length of the cylinder. The first type of strain will be expressed in terms of the angle
through which the plane of the section has heen rotated, the angle being assumed proportional
to the distance from one end. The second type-of strain, which implies that, in general, the plane
cross sections are distorted iato curved surfaces, will be expressed in terms of the displacement
of the elements of a section in the direction of the length of the cylinder. This displacement is
taken to be the same for all sections of a given cylinder or prism. -
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If the axis of Z be taken in the direction of the length of the prism and the components of the
displacement of a point parallel to the X, ¥, and Z axes be denoted by u, », and w, respectively.
the state of strain just described is a consequence of the following displacement:

U= —1Ye, V=712, w=r¢(z, 'y) 1)

where 7 is the angle of twist per unit length and ¢ is a function of 2 and y only, which is to be
determined.

The v and » components of the displacement together express a rotation about the Z axis
through an angle zr of a section at a distance z from one end, while the w component expresses
the distortion of each given section from its plane.

From the components of the displacement, the components of strain follow and from these
follow the components of stress. (References 1 and 2.) Itisfound that the X and ¥ components,
X, and Y,, respectively, of the shearing stress at & point (z, ) in any cross section, are expressed

by the equations:
d d
X2=GT(£—"_Z/)’ Iz=GT<a—;>+$) ) (2)

where @ is the modulus of rigidity.

Associated with the stress components X, and Y, which act in the plane of the cross sec-
tion, are the stress components Z, and Z,, which are equal to X, and ¥, respectively, and which
act in longitudinal planes parallel to the ZX and YZ planes, respectively. All other stress com-
ponents are zero as & consequence of the assumed displacements (1). Thus the displacements
taken in (1) lead to a system of stresses of the type described in the first paragraph of this
section.

From the equations of equilibrium of the prism under the state of stress just considered, it
follows that the function ¢ satisfies the differential equation

8¢, %
=T % 3)

over the area of the cross section of the prism.

The requirement that the lateral surface of the cylinder or prism shall be free from traction
leads to the following equation, which must be satisfied by the function ¢ on the curve bounding
the cross section of the prism; namely,

g—f=y cos (z, v)—x cos (y, v). (4)

In this equation, » denotes the exterior normal to the bounding curve.
The moment T of the couple in the plane of any cross section is expressed in terms of the
function ¢ by the equation
T=(r, (5)

where

C=G S f (:v’+y’+m "”)dxdy, ©)

the integral being extended over the area of the cross section of the prism. It is often conven-
ient to replace Cin equation (5) by G K where K is the integral by which & is multiplied in (6).
Thus:

T GEr. (5"

The problem of determining the torsion function ¢ subject to the differential equation (3)
and the boundary condition (4) may be replaced by that of finding a function ¢ conjugate to ¢
which satisfies the differential equation

aw/ Y
+3 0 ™

104397—80——44
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and the boundary condition

v— % (x*+9*) = constant. @)

The following relations connect¢ and y:

6¢ a¢ 31[/ :
=S ay g | o @)

If we replace ¥ by the function ¥ defined in the following way:
T=y—g @ +), (10)

we find from (7) and (8) that ¥ satisfies the differential equation

62‘1’ o
i Gyz =—=+2=0 (11)
subject to the condition o
v=0 L (12)

on the boundary of the section, the constant in equation (8) having been chosen to be zero.
From equations (2), (9), and (10), we find that the components of the shesring stress are
simply expressed in terms of the function ¥; namely,

: av avr
Y,=—Gra—zy X,=Gr@- (18)

Hence the tangential traction at a point in any cross section. of the prism has the direction of
the tangent to that curve of the family

¥(z, y) =constant

which passes through this point. The curves, ¥=constant, are therefore lines of shearing
stress. ' - _ )
Further, the resultant shearing stress at & point in a cross section is equal to

JEXEET? \/W—Gf T (14)

where v denotes the exterior normal to the curve ¥ =g constant that passes through the point
in question. The resiltant shearing stress at & point is therefore proportional to the gradient
of the function ¥ at that pomt——

b Further, when written in terms of the functmn T, the expressaon (6) for the torsional r1g1d.1ty
ecomes—- _ L

0=2fowd:cdy o (15)

(Reference 3.) That is, the torsional rigidity of the prism is equal to twice the product of the
modulus of rigidity and the volume inclosed between_the surface

z=Y(x, y)
and the plane .
z=0,

The solution of the torsion problem for & prism of & given section consists in determining
the torsion function ¢ to satisfy the differential equation (3) and the boundary condition (4).
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The torsion problem may be solved equally well by determining one of the functions y or ¥
from the equations (7) or (11), respectively, each subject to its appropriate boundary condition.

This is the complete theory of the torsion of thin rods. An interpretation of the displace-
ments assumed is that all points on the Z axis remain on that axis and that every cross section
of the rod except the fixed one is twisted about the Z axis. By our assumptions, cross sections
do not usually remain plane but become warped. Figure 4 shows how elliptical, square, rectan~
guler, and triangular sections become elevated in some parts and depressed in others. All orig~
inally plane sections become distorted in the same way since w, the longitudinal displacement, is
not & function of z. It is clear, therefore, that the theory does not apply to sections near a
fixed end nor to sections near the point where the torque is applied. That all cross sections
should remain plane would require that w be constant and the only section for which this can

Note: Confours
are lines of e-
qual lorigifudy-
rial distorfior.
Full lines in-
f dicate efeva- -
Frorz.
Dofted lines
indicate de~
pressiorn.

17
i

]

FIGCRE 4.—Plane sections of noncircalar rods warped in
torsfon

be true is the circular section. Figure 5, which is taken from Bach’s “Elastizitét und Festig-
keit,” shows the distortion in an elliptical eylinder and the lack of it in a circular cylinder.

Tt has been possible to solve the torsion problem rigorously for only a limited number of
sections. The expressions for the torsion function ¢ or the associated function ¥ for the more
common sections are listed below:

(@) Tae CircLE:
¢=0.
() Tee Erripse:
Major and minor axes 2a and 26—
a!_bz
¢= —mmy. .
(¢) THE RECTANGLE:

Sides 2¢ and 25— -
n=o ginp Entlaz
- 2N (—1)* 2b . @n+D)zy
¢=—zy +4b2<z‘) 20(2n+1)“cosh CntDaa ™™ 2

2b
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(@) Tus EQUILATERAL TRIANGLE: . L
Origin at centroid. Side a—

= -\/§ (3:01[2-’.28)

3a

Corresponding solutions are known for a sector of a circle, a curvilinear rectangle bounded by

oo -
Vo R
3 B S DL R W

- .

T Hynbrac

FIaurg 5.—The distortlon of plang sections In an elliptical rod and the absence of such distortion
in a clircular rod )
figures shaped like & square but with concave sides and either rounded or sharp corners, and a
section somewhat resembling the section of a railway rail. (References 4, 5, and 6.)
Formulas for simple sections. .
From the preceding expressions for the torsion functions, the following well-known formulas
for torque and maximum stress have been derived: ..



or

Table I are from St. Venant.
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Let i
T'=torque.

6=total angle of twist in radians.
L=length.
G=modulus of rigidity.

g =greatest intensity of stress.

CIRCLE
T xrG6 2T
iy A ey
r=radius.
ELLIPSE
T= ra*H3Go _2T
@ b

2a=major axis:
2b =minor axis.
EQUILATERAL TRIANGLE

a*+/3G8 20T
T—gr ' &

a=side of triangle.
SQUARE

7o £ _4.808T
11L =

s=side of square.

~1

RECTANGLE

6 T .
T=ab“sz, g=:abzi

_ o (18_ 1B\ g0.
T——abs(?—)\a)Gz

2a =long side of rectangle.
2b=short side of rectangle.

the long side. The stress at the middle of the short side is given by

in which v, is a factor dependent upon the ratio of the sides.

T
‘_h='%§

685

The factors u, A, and v are dependent upon the ratio of the sides. Their values given in
(Reference 5.) The maximum stress ¢ occurs at the middle of

Its values are also given in Table 1.
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TasLe I.—Factors for calculaitng torsional rigidity and stress of rectangular prisms

I Ty d T = g N T ] - g == "" .

| Rii‘éis“ & " v wo | BT " o lam

) 1.00 | 3.08410 | 2. 24923 | 1. 35083 | 1. 35063 "TTRUB0 | 8. 35873 | 3.98084 | 1. 93614 | 0. 59347

{ 1.056 | 3.12258 | 2.35908 | 1. 30651 | ——eaooe-- 275 13.36023 | 4.11143 | 1.95687 | ________.

{ 1.10 | 3. 15653 | 2. 46374 | 1. 43966 |- ._o.—- _— ¥ 8.00 | 8.36079 | 4 21307 | 1. 97087 I.____ L

i 1.15 | 3.18554 | 2. 56330 ; 1.47990 | ________ T A8 e memm oo mmomeon] 44545
1.20 | 8.21040 | 2. 65788 | 1. 51758 |________ ;_’:3. 80 | 3.36121 | 437209 | 1.98672 | _______.__
1.25 | 3.23108 | 2.74772 | 1. 55268 1 13782 "='4.00 ; 3.36132 | 4. 49300 | 1.99395 | . 37121
1.80 §.3.25085.] 2.83306 | 1. 58544 |- _______._ :74.50 | 3.36133 | 4. 58639 | 1.99724 . ______.__
1.35 | 3.266327) 2.91879 | 1.61594 |_._______.1 T°h 00 | 3.3B133 | 4 66162 | 1. 90874 - 29700
1,40 | 3.28002 | 2.90046 | 1.64430 |_.__.______ "%08.00 | 3.36183 | 4. 77311 | 1.99974 . _______
1.45 | 8.29171 ! 8,068319 | 1.67265 | ______.}}. _ZiB. 67 ] 8.861388 |- |eeecaean l 82275
1. 50 | 3.30174 | 3. 13217 | 1. 69512 | . 97075 7.00 | 3.36133 | 4. 85314 | 1. 99995 | ____.__
1.60 | 8.81770 | 3.25977 | 1.73889 | .91489 . 800 3.36133 | 4. 51317 | 1. 99999 . 18564
1.70 | 8.82941 | 8.37486 | 1. 77649 |...______]| . 9.00 | 3. 86133 | 4. 95985 | 2. 00000 |- _____.._.
1.75 | 3.83402 | 3..42843 | 1.79325 | .84008 T10.00 | 3.36133 | 4 09720 | 2. 00000 | 14858
1.80 ) 3.33798 | 3. 47890 | 1. 80877 | _____. 20. 00 | 3.36133 | 5. 16527 { 2. 00000 | .07341
1.90 | 3.34496 | 8. 57320 | 1. 83648 | ___._- 50. 00 | 3.36133 | 5.26611 | 2,.00000 |._ . ___._
2.00 | 3. 34885 | 3. 85801 | 1.86012 73945 100.00 | 3. 36133 | 5. 29972 | 2. 00000 |._.._.. e
2.25 | 8. 35564' 3.84194 | 1. 90648 |_____.__. -~ o ! 3.36133 | 5.33333 | 2.00000 | .00000

§ =z TEE e

When letters are used for the fu]l mdes and not the half mdes, lettmg ¢ represent t the long4 e

gide and d the short mde, the formulas become
(] 8')' 1
= CdBBG —Z: ’ ¢= -—wy

()0
T‘s(l lﬁc)G

in which 8= p/16, and X has the same values as befare. It can be seen that if %is small, we arrive

or

at the common approximate formula:

cd® ql

T3L'

As the ratio E varies from 1 10 e the expression ?6 varies from 0.578 to 0.630.

St. Venant gives the following approximate formulas for the constants, which agree with

exact values within 4 per cent: : ;
3
'y=§(1 +0'6E)“’

p,=—~—3 36~<1 Togh - —.

30+185)T _(3c+18d)T
L—Ws org="gm

Both are common approximate expressions for the stress ab the middle of the long side.

Using this value of v

ST. VENANT'S APPROXIMATE FORMULA FOR COMPACT SECTIONS

For fairly compact sections without any reentrant angles St. Venant gives the fO]lOng
approximate formula for the torque:

At 6
T = m@zs
in which A is the area of the section, J the polar moment-of inertia of the section, G the modulus

of rigidity, and %the angle of twistper unit of length.

.
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Although St. Venant clearly stated that this formuls applies only to fairly compact sections
with no reentrant angles, it is often applied to other sections, for example, to sections made up of
component rectangles. Resulting errors may amount to several hundred per cent in extreme
cases. However, when restricted to sections for which it was intended the formula is fairly
accurate.

Formulas for hollow prisms or tubes.

The cross section of a hollow prism or eylinder is bounded by two closed curves upon which,
in accordance with equation (8), the function ¥ must take constant but, in general, different
values. Denoting by ¥, and ¥, the values of ¥ on the outer and inner boundaries, respectively,
and by 4, and A4, the entire areas inclosed by the respective bounding curves, the analysis that led

FiGune 6
to equation (15) for a solid prism or cylinder will now lead to the following expression for the
torque:
T=—2GrT,A,+2Gr T A+ 2@ S ST (&, y) dz dy. (16)

(References 3 and 7.) The integration is extended over the ring-shaped section. If the
ring is narrow we can replace ¥ under the integral sign by the constant

Tpm g (T, (17)
The last term in equation (16) then becomes

2@V (A —A;) =Gr(To+¥y) (4do—A)).
The expression for T'in (16 then reduces to

T 967 A n (W= V,) =2Gr ApA¥ (18)
where
Am=é'2"—‘4‘, AT =T;— T, (19)

If we denote by ¢ the width of the ring at any place AB (fig. 6), we obtain (equationl4) as
an approximate expression for the average shearing stress at points in AB

| g=ar L. (20)
Hence
tg=GrA¥, (@1)

and (18) becomes
T=2tgA. (22)
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If we form the integral of gds around the curve ¥ =¥, which may, if { is not too large, be
taken to,be the curve lying half way between the inner and outer boundaries, we find after -
some reduction :

Sqds=2Gr A, ' (28)
(Reference 8.) Replacing g under the integral in (23) by its value from (22) we obtain

T ds : -
34 =24 G'r,

or R
~44n GT (24)

We find from (22) as the approximate expression for the stress

T
=24 (25)
CIRCULAR TUBES
Ricorous METHOD:

When the inner boundary of the tube is & line of shearing stress of a solid section that has
the same outer boundary as the tube the rigidity of the tubular section may be obtained directly

by subtraction.’ o
-+ -9kt
2 2 2) "L

t
£\ .8 <’+§)T |
'=21!"‘7'<?‘2+—4‘)Gz! g=__..__._._t=_. W e e . - e
271"[7'(1"2"'?)'

r=mean radius. -

t=thickness of_ wall.
T (ds ] ) T
zf?=4A9z’ b

).

ArproxXIMATE METHOD:

ds_2ar
it
1 Go : T
T=21rt7’<7‘2+ -+ g=—7%<"
16r2 L’ . Qnrt(r’+%)

Dropping the square and higher powers of £, we have the common approximate formulas

=L
L Ay
ELLIPTICAL TUBES
Ricorous METHOD: -

The ngorous formulas apply only when the inner and the outer elhpses are Slmllal', that
is, when the inner ellipse is a line of shearing stress for a solid shaft having the same outer

(]
T —2'n‘r3tGE;
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boundary as the tube. The semirigorous formulas, of course, apply whether the ellipses are
similar or not. Let the inner and outer boundaries be the similar ellipses:

x2
2tE=l
2
RS N 0
Then the inner semimsjor axis is @ and the outer a(1+%) and the inner semiminor axis b and
the outer b (1+k).

xa’h? 2T
= plL+R—1] GL, 0= a1+ —1]

ArproX1MATE METHOD:
Neglecting the square and higher powers of %, the approximate formula (24) gives

_[4nka®s*] .0 T
= ?TF]G" 1= o xkab (L +F)

ACCURACY OF APPROXIMATE METHOD

It is apparent from a compa.nson of the preceding formulas for circular and elliptical tubes

that the results from T ra
s
2 f i =4AGT,’
and

=24
are quite accurate for small values of ¢, Usually a commercial tube is made with the thickness

of metal constant, in which case f in fi; becomes constant. YWhile A had best be regarded as

the mean of the areas inclosed by-the inner and the outer boundaries of the section, good results
are obtained by drawing a curve midway between the two boundaries of the tube and taking
A as the area inclosed by this curve. The quantity ds is an element of length glong this curve.

Further examples follow.
HOLLOW RECTANGLE

Let the outer boundaries be ¢ and b and let @ be the greater side. If #; is the thickness of
the greater side and # the thickness of the smaller side, the sides of the mean rectangle are (a—1)

and (b—#%) snd
A=(a—-5)(b—1),

ds _2@—1)_ 26—t
i {

_haty Gty T

at + bt — 8 — Gf =%@—00—t)

The equation for stress is true only along the sides of the rectangle where the shear lines are
parallel curves. To avoid high stresses at the reentrant angles, the inner corners should be
rounded.
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CIRCULAR TUBE SPLIT TONGITUDINALLY

A tube of mean radius r and uniform thickness ¢, split longitudinally, may be regarded as a
flat sheet, although this fact is not so well known asit should be. If the ratio of 7 to ¢ is great.
the approximate formula for a rectangle may be applied and

T=1' @) G 3.

- 2
=t

For the closed tube, the approximate formula is

T = L
T =2mrtG 7

and the ratio of the torques for the same % is
tZ
e
It can also be shown that for the same maximum stress the ratio of the torques is approxi-

mately equal to o i
t

3r
The split tube, therefore, is much weaker under torsion and very much less rigid.

Solid sections of irregular shape.

We have now discussed substantially all of the sections for which practical formulas have
been obtained by direct mathematical treatment. There remain such sectionsastheI, T, U, and
L that have not yet been brought within the range of mathematicel analysis. These sections
normally occur in beams or in compression members and not in members designed primarily
to take a torsional couple. Nevertheless, such members are all subject to torsion and the loads
that they will sustain may be dependent upon their torsional rigidity. Because of its importance
in this connection, our investigation has dealt largely with torsional rigidity rather than with
stress.

We will first cons1der the celculation of the rigidity and later touch upon the matter of
stress. -~ For any section we can write .

8
T = KG'I"
in which K is & constant that depends solely on the shape and dimensions of the cross section and
involves the fourth power of a dimension (see the preceding formulss for regular sections). This
constant K is usually spoken of as the ‘‘torsion constant’ of the section and will be so referred
to in this report. QOur problem is to determi.ne 8 suitable met-hod of calculating K for various :
irregular shapes. _ ==

Before embarkmg upon an extended series of tests, it was necessary to make some preliminary
tests of wooden members of simple section in order to determine to whatextent certain factors
governed the torsional properties of wood. As a usual thing, the modulus of rigidity associated
with a traction in a radiel plane is not equal to the modulus associated with the traction in a -
tangential plane In othe'r Wbrds, the elastic constant for’ c shearing stress acting in a plane at
to the growth rings. This fact introduces two moduli of rigidity into the problem. ~There is a
third modulus of rigidity for wood which has to do with the stresses that tend to roll contigiious
fibers past each other, but when & member is twisted about an axis parallel to the grain of the
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wood this elastic constant does not come into play. Our first problem then was to determine
what difference, if any, there was between the radial modulus of rigidity and the tangential mod-
ulus. Other factors pertinent to our test procedure were the effect of moisture content and the
effect of rate of strain. Each of these three factors was studied and a brief discussion of each
follows.

Moduli of rigidity of spruce.

It is shown in Appendix A that a rectangular prism, two of whose axes of elastic symmetry
lie in the plane of the cross section, behaves as & prism with a parallelogrammatic cross section
when these axes are not parallel to the sides and as a pristn with a transformed rectangular
section when the axes are parallel to the sides. The modulus for the transformed section in
either case is computed from the two moduli invelved. It is alsoshown that if @, is the modulus
associated with the plane tangential to the annual rings and @, the modulus associated with the
plane perpendicular to the rings, the relations of Table II hold. '

TasrLe II
Sides of trans-
Sides 2a, 2b formed rec- Modulus
tangle
, . G,
Plain-sawn board._ . ____.___. Za\/%, 2b G r\/ E
. G, Gr
Quarter-sawn board_____________ I 2a\/ G’ 2b G,\/ e

It was possible from these relations to determine the value of G and @, for any plank by
testing a quarter-sawn and a plain-sawn piece cut from that plank. This was done for practically
every piece used. These minor specimens were 1 by 8 inches in cross section. Occasionally
slight season checks, which run radially, caused the quarter-sawn pieces to be less rigid than
their corresponding plain-sawn pieces, whereas with sound material the quarter-sawn piece
should be the more rigid, since @, is greater than @, It was found that for Sitka spruce @, was
about 90 per cent of G,. This means that quarter-sawn rectangular beams of Sitka spruce
with a large ratio of long side to short side will average about 10 per cent more rigid in torsion
than similar plain-sawn beams. Ordinarily no great error will result if the mean modulus as
obtained through the test of a circular section is used in calculating the rigidity of beams. It
may, of course, introduce on the aversge about half of the difference between the plain and the
quarter-sawn values, or an error of about 5 per cent. It is much easier to make square sections
than circular sections and the difference in mean modulus obtained is practically nil. Square
minor specimens, therefore, were tested as a check against the values obtained from the 1 by 3
inch minor specimens. - : _

As a check against the mathematical analysis given in Appendix A, a few series of tests
were run on beams of rectangular and of elliptical sections with the annual growth rings at
various angles to the axes of the sections. The results are shown in Figure 7. The curve for
the ellipse was calculated by means of the relations given in Appendix A; the circles along the
curve are test values. The curves for the rectangles represent the observations; they agree in
form with & curve calculated for a different ratio of the two moduli.

Effect of moisture content.

In order to obviate the necessity of making moisture adjustments, the major and the minor
test specimens were always kept in the same condition. They were never separated after
fabrication and the time between the testing of the majors and the minors was reduced to a
minimum. :

A series of tests was made, however, tolearn enough about the effect of moisture content on
torsional properties to permit the recommendation of permissible stress values for spruce at a
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definite moisture content. Twelve matched square pieces were tested, 3 green, 3 at about 21%
per cent, and 3 at about 7 per cent moisture content. The results are given in Figure 8, which
shows the variation with moisture content of three properties; namely, modulus of rigidity, fiber
stress at elastic limit, and ultimate fiber stress. The results from this small number of tests
were in agreement with relations previously established at this laboratory.

b

Effect of rate of loading.

As tests were run on members of various sizes, the rate of strain was kept fairly uniform in
order not to infroduce this factor into the results. The ordinary test, however, took several
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minutes, whereas the duration of stress assumed for aircraft stresses is three seconds. Conse-
quently, in order to.recommend torsional properties of spruce from test, it was necessary to
know something about the variation in these properties with rate of strain. A matched set of
cylindrical specimens was made and equal numbers of them were tested, respectively, at each
of three rates; these rates were in the proportion 1 to 10 to 100. It was found that accompany-
ing a 10 to 1 change in rate there was a 5 per cent increase in modulus of rigidity, a 10 per cent
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inerease in ultimate fiber stress, and a 20 per cent increase in fiber stress at elastic limit. The
exponentia] increase of stress with increased rate of fiber strain has been previously observed

at this laboratory.

Torsion tests of simple sections.

As the next preliminary step before testing wooden beams of irregular section, several
series of tests were made on spruce beams of simple section. Beams with the circle, the square,
the ellipse, and the equilateral triangle as bounding curves of the cross sections were cut from
the same plank. The dimensions and the angle of twist for a given torque as determined by
test were substituted in the rigorous formula previously given for the corresponding sections
and an apparent modulus of rigidity calculated thereby. Four of each type of beam were cut
from each plank. The results are given in Table ITI. The planks were chosen so as to obtain

R 94000 &
900 5 L 0 I O L B L Y g0000 3
‘vf. 1r? Gbl s of r« H‘f T ' .
800 g = X modulus o I‘Isﬂly 80,0003 :
£ 700 A 70,000 8
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. ;500 X s
W
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g = Ulimale shear sires
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0051 /» 20 25 30 35 40 45
Moisture, per cent

FIGURE 8,—Relstion between torsional properties and moisture content of Slth sprucs

a wide range in specific-gravity values. Consequently the first two (Table III) are below the
minimum specific gravity (0.86) allowable in aircraft construction.

TaBLe III
Moduli of rigidity
Specific ;————— ' - ' M.of E
Plank : 3
gravity . ] . bending
Circle Square Ellipse Eggﬁgﬁ;&l
6-1-58 0.322 78, 300 72, 500 75, 800 80, 600 1, 347, 0600
6-1-25 . 844 82, 500 81,800 oo ___ 84, 000 1, 358, 000
5-1-49 . 426 116, 500 119, 200 122, 600 121, 800 1, 520, 600

All specimens were 45 inches long and the angle of twist was measured over a 24-inch
gage length. The nominal diameter of the circular specimens and the width of the square
specimens were each 1% inches. The major and the minor axes of the elliptical specimens were
1% inches and 1 inch, respectively, for plank 6—1-58 and 1% inches and 1 inech for plank 5-1—49.
The triangular specimens were 2 inches on each side. An error in grinding the shaper knives
for the set with elliptical section from plank 6-1-25 necessitated the culling of that set. Aver-
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aging the results from the first. and the last sets in Table I1I, we find that the apparent modulus
of rigidity for the square is 1.6 per cent lower than for the circle, for the ellipse 1.8 per cent higher,
and for the equilateral triangle 3.8 per cent higher. As pointed out in Appendix A, the direction
of the annunal rings with respect to the axes of the section has little effect on the rigidity of
gections whose bounding curve is a square or an equilateral triangle. For the elliptical section,
however, there is some difference. Consequently, the first set in the table was cut with the rings
parallel to the major axis and the second set with the rings perpendicular to that axis. Had the
gpecimens been longer, it is thought that the results for the triangular sections would have
been somewhat lower. The ends of these specimens were enlarged for the application of torque.
With the circular section such enlargement would make little difference as long as the points at
which measurements were taken were three or four diameters away from the enlargement.
This is because in the circular rod plane sections remain plane. In the triangular rod the tend-
ency of the sections to warp is hindered by the enlargement of the ends with a consequent
increase in stiffness. The same fact is true, although to a less extent, of the ellipse. The rods
with square sections did not have built-up ends. Taking all these factors into consideration,
the agreement as to torsional rigidity as calculated by the rigorous formulas is con31dered quite
suitable.

Table TI1 yields another interesting relation. If t,he moduli of elasticity in the last column,
which were obtained from minor bending tests, are. divided by the corresponding moduli of
rigidity for the circular section given in the third column, the quotients will average 15.6. This
relation for the average of_12 rods checks the relation obtained in 1921 for 20 rods of circular.
section that were tested in torsion in connection with another investigation. The mean modulus
of rigidity for the 20 specimens was 100,200 p. s. i., and the average modulus of elasticity 1,569,000
p. s. i., or a ratio of 1 to 15.6. Hence the ratio for spruce is evidently between one-fifteenth
and one-sixteenth, whereas for most metals it is in the neighborhood of two-fifths.

As a further check, four rods of elliptical section were made with a major axis of 2 inches . .
and & minor axis of 1% inches and were tested within the elastic limit; and then were cuft down
to a 1¥-inch major axis and 1¥-inch minor axis and retested. The apparent modulus of
rigidity in the first case averaged 77,325 p. s. i., and in the second 78,162, a difference of only
1 per cent. A repetition of this series resulted in a difference of slightly over 1 per cent but
with the results reversed.. Sections with equilateral triangles as bounding curves were cut—
down in the same way, though in three steps, first with a 2-inch side, then a 13%-inch side, and
finally a 1%-inch side. The average apparent moduli for four heams were 73,350 p. s. i. for the
2-inch side, 72,250 for the 1%-inch mde, and 72, 650 for the 1%-inch side. The maximum
difference is about 1 per cent.

From these tests it appears that dependable results can be obtained by using wood as &
test material.

Torsion tests of irregular sections.

Following these preliminary tests, additional tests were made on beams of irregular section.
Such sections as I, T, L., U, and Z were used with and without fillets at-the reentrant angles,
In addition to varying the radius of fillet, the ratio of the thickness of the web to that of the
flange or of one leg to that of the other was varied th.rough & considerable range.

at the center. The results of these tests will be dlscussed later in connection with the coordina-

tion of the mathematical and the experimental work in the form of empirical formulas.

The use of soap films in solving the torsion problem for irregular sections,

The value of soap films in determining the torsional rigidity and the stress in twisted
beams depends upon the mathematical analogy between the. torsion problem and that of &
membrane, such as a soap film, under a uniform excess of pressure on one side. Attention was
first called to this analogy by Prandtl and very extensive use of it was made by Griffith and
Taylor. (References 9 and 10.) The method is extremely useful in that it offers a means of
determining the torsional rigidity and the stress of important irregular sections that have not
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yielded to mathematical treatment. An apparatus was built and, after it was found to give
results for simple sections that agreed closely with calculated values, tests were made on irregular
sections. The construction of the apparatus and the method of using it have already been
described under the heading “Test Material and Procedure.” The mathematical basis of the
method and a brief discussion of the technic follow, The test results will be be dealt with later
in connection with proposed formulsas for irregular sections whose component parts are rectangles.

In presenting the mathematical basis of the soap-film method of test, let a very thin homo-
geneous membrane be stretched under uniform tension T over an opening cut in & plane sheet
of rigid material and let the membrane be fixed at the edge of the opening. If & uniform excess
of pressure p per unit area acts upon one face of the membrane, the small displacement z of points
of the membrane will satisfy the differential equation:

8%z a?
T(Ga+5a)+r=0, (26)
and the condition that
z=0 (27)

at the edge of the opening. _ _

Let the opening and the section of the prism under consideration be identical in size and

shape. If we let

P .

in equations (26) and (27), we obtain equations (11) and (12) for the function ¥. Hence the
function ¥ appropriate to the torsion problem for & section of given shape is proportional to the
displacement z of a homogeneous membrane stretched over an opening of the same shape as the
section. The proportionality factor in (28) is determined by means of a film stretched over a
cireular opening and under the same pressure as the test film. It follows from equation (15)
that the torsionsl rigidity of a prism of the given section is proportional to the volume inclosed
by the soap film and the plane of the opening. Further, the contour lines, z=constant, of the
soap film correspond, in accordance with equations (13), to the lines of shearing stress ¥ =con-
stant in the torsion problem. And the slope of the film at any point, as a consequence of equa-
tion (14), is proportional to the magnitude of the shearing stress at the corresponding point of
the section. :

In employing the soap-film method, an opening that represents the section of the prism to
either a reduced or an enlarged scale may be used. It is necessary only to observe that the
ratio of the torsional rigidities of two geometrically similar sections is equal to the fourth power
of the ratio of corresponding linear dimensions.

To obtain well-defined edges coinciding with the boundary of the cross section, the edges
of the openings were beveled at an angle of 45 degrees. Our experience has been that this does
not entirely eliminate the errors at the edges. The film is not always attached at the upper
side of the beveled edge but frequently hangs at an intermediate point. Even when great care
is used to avoid a surplus of solution, there usually is a layer of solution along the edge of the
flm that tends to lower the level in its neighborhood and to make uncertain the actual position
of the boundary. Further, at points where the stress is great and the film consequently is steep,
there is & tendency for the film to run out over the plate.

Errors resulting from edge effects can be avoided by using as boundaries of the cross sections

contour lines other than the actual outline of the opening in the plate. These contour lines, if
taken near the edge of the opening, approximate the shape of the section with sufficient accuracy.
The dimensions of the section bounded by the contour line in question can be measured. In
the tables giving the results of our experiments with soap films, we have included, in general,
data from one or more inner contour lines as well as from the actual outline of the opening. We
have thus increased the number of sections studied. It is our feeling that the results from the
inner contours are more relisble than those from the outlines of the bpénings. In every case

|
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an inner contour line of the spherical bubble over the circular opening was used as the boundary
of the comparison cylmder

There are various ways of finding the volume inclosed by the test bubble. A satisfactory
procedure is to take contour lines at frequent-intervals, planimeter the areas inclosed by these
lines, and obtain the volume between the planes at different levels by the average-end-area
method.

For further details in regard to the technic of the scap-film method, the reader should
consult the papers by Griffith and Taylor. In our.judgment, the high degree of accuracy that
they attained in certain cases is not-always to be expected.

Formulas for irregular solid sections,

Combining results obtained by soap-film tests with known mathematical facts, Griffith
and Taylor developed an empirical method of dealing with solid rods of any section, which is
explained in Appendix B of this report. The method gives results for the torsional rigidity of
fairly compact sections with errors of only a few per cent. For cerfain sections, however, the
errors are considerable. In their report on the method, they attribute & discrepancy between
their results and those of published experimental work to a want of homogeneity in rolled I and
U sections. Some of our soap-film experimental work on I and U beams, however, fails to
check their formula by as much as 25 per cent and the discrepancy is in the same direction as
that mentioned in their reports, the formula giving results that are too high.

In an extensive investigation of the torsion problem, Constantin Weber developed, on the
basis of the usual mathematical theory, approximate formulas for the torsional rigidity of a
large number of sections and for the maximum stress in these sections. ' (Reference 11.) Tor-
sional rigidities calculated by his formulas are low in comparison with our test results.

In dealing with such sections as the L, U, Z, T, and I, Weber replaced the given section
by an equivalent rectangular section. To represent the situation at the junction of two rectan-
gles, he chose the length of the equivalent rectangle to sscure a certain desired area. Now
changing the length of a rectangular section in a certain ratio does not alter its stiffness nearly
s0 much as & corresponding chenge in the breadth. There is essentially an increase in breadth
of section at the junction of two rectangles, for instance, at the corner of an L.. This can not be
compensated for by merely increasing the length of the equivalent rectangle in the manner
chosen by Weber. Accordingly, his formulas give values of the torsional rigidity considerably
below those that we have found by means of direct torsion tests and tests made by the soap-
film method. It should be noted that Weber assumed that fillets were always present, their
radii being equal to the width of the narrower of the component rectangles of the sections.

For sections such as I, U, and T, whose component parts are rectangles, the following
approximate method for calculating stiffness is proposed as a result of our study; we shall first
show its derivation.

The problem is to find K in

B a._
T'=KGz:

Now K is a constant that depends solely on the shape and the dimensions of the cross section,
and involves the fourth power of a dimension. Figures 9 and 10 show that at the junction of
two component rectangles there occurs a hump or hill on the soap film. This hump shows that
the rigidity of the complete bar is greater than the sum of the rigidities of the separate rectan-
gular parts. The volume of the soap bubble, of course, represents the rigidity of the entire bar
and the increased volume at the hump in the bubble represents the amount by which the rigidity
of the bar exceeds the sum of the rigidities of its separate rectangular parts.
For an I beam, we write
K=2K + K;+ (

in which K, is the torsion constant of one flange and K that of the web, while ¢ is the term that
is to express the additional stiffness caused by the two junctions of the flanges and the web.
In place of O we write 2 « D*in which D is the diameter of the largest—circle that can be inseribed
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Tesr-3

Contour Elgvations
054-.108 ~.154 -.204

254-.304-.354-379
Top of Bubble 404

Contour Elevaltions
004-.0/18-.038-.053-.088
J/38-.173-.178-.203-228

Top of Bubb/e.238

Note:- All Dirtensiorts are it Inches

Tesr-16-2

Contour Elevarions corttour E/eyd;;/oﬂs

0l2-.037-.062~.087-.1/2-13T 003-.017-.057-.087-117 _
.187-.237-.287-.337-.357-.377 128~.167-.187-2/2 -
Top of Bubble .387 Top of Bubble .237 e

F16uRrk 9.—Lines of shearing stress for I beams In torsion. (From soap-film tests on half sections)
104397—80——45
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Tes#-20 Test-10

Conttour Elevotions Contour Elevations
0/3-.038-.063~.088~./13 -.133 .014~.039-.064~.089-./04
JM5-.156-.178~.198 ~ 218-.230 HF-459-.197~.209-.229

Top of Bubble-.238 Top of Bubble-.239

Test-12
Note:-All Dimensions are in lnches

7e3t-9-2

p

Contour Elevations Contour Elevations
005-.0f-.019-.053 008~-.028-.058 -.078-.085
103 ~.153-,203-.233 . 098-.118 ~.138 -148-/58

Top of Bubble.253 : Top of Bubble .163

F1GURE 10,—Lines of shearIng stress for U and Z[besmein torslon, (From soap-film tests on half sections)
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at the junction of the two component rectangles and « is a factor to be determined. We then
have -
E=2K,+ K3 +2aD*

An examination of Figure 9 will show that the bubble tapers down at the ends of the flanges,
as it normally would in a rectangle, while in the web it behaves'more like a part of a long rec-
tangle. For this reason, we shall calculate K; by the normal formule for the rectangle

Ei=abu or Ey=aib® (53— A )
and K, by the formula

K = }3§agbg

The factor « for any section depends upon two things; the ratio of the radius of the fillet to the
thickness of the flange and the ratio of the thickness of the narrower component rectangle to

¢ for L junction of two comporent rectongles

]
20

_ ,/.50;?:
125,,\ '

1 4 .00 Q

L o .50

o -0 VV‘: = e B BT .&';g
LA AT 0 T [ .00 ¢ [
. o o o e W g e W 0-1
> L =1 | =
i ! o
0 2 4 .5 .8 g <

. Width of narro
Ratmo wleg

* Width of wide leg

e for T junction of two compornent rectongles

30 1504,
G253 §'
N
% Loo I8
.75 Q %5
17}
.20 AT 50 318
1 L~ .258 -
¢ AL A] L0T|E
// = = g L]
10 4 S %
> - - &
A4
2
%
= i
(2] 2 .4 & .8 L0
. Width of narrow componernt rectangle
Ratio,

Width of wide component rectargle

FIGGRE 11.—Values of a for computing torsional rigidity of sections whose corponent
parts are rectangles

the thickness of the wider component rectangle. The values of « for different combinations
of these two factors, which were obtained through a variety of experiments with soap films and
torsion tests of actual hesms, are shown graphically in Figure 11. While our experiments were
not extensive enough to prove conclusively that for a given ratio of radius of fillet to thickness
of flange the variation in « is linear for varying ratios of the thicknesses of the two component
rectangles, we feel that such & variation is close enough to the truth to warrant its use. Table
IV shows how K calculated by this simple method for I sections agrees with results obtained by
actual beam tests and soap-film tests.
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TaBLe IV.—Values of torsion constant K for I-beams

[Dimensions ars in {nches]
ACTUAL TORSION TESTS
Thickmes 4t Total | Total | Filet e | mest | posed | Diter | .20 | Din

: i To o . D er- . for- or-

Test ) ~.1 height | width “"%"’ b Dé 2EIHE) 2 K |formula| ence | muls ance
' Web | Flange " : ) - K

. - Per cent Per cend

3.46 2,240 ¢ 0. 626 0.158 | 0,268 0. 300 0. 300 0309 +3.0 0.321 +1.0
3.48 2.230 0 .622 . 150 . 259 300 .298 . +2.7 .817 :{:7.1
3.48 2. 250 0 . 154 . 268 300 . 301 812 +8.7 325 8.0
4,00 2.740 1] 987 047 1,184 214 1. 457 1.867 —68.1 1.416 ~2.8
4.01 | 2.740 0.250 1.108 1.500 | '1.161 . 1. 600 1. 543 ~3.6 1.634 +2,1
4,00 2,740 Q . 988 945 1. 168 214 1.478 1.360 -7.8 1.412 —4.3
4,00 2.740 . 350 1.104 1,485 1,157 11 1. 620 1,538 -5, 2 L.431 +0.7
3.97 2,744 0 990 .961 1.149 214 1,358 1,855 0.0 1,404 8,6
.97 2.745 . 250 1103 L.481 1158 . 258 1. 400 L 531 2.7 1. 625 9.0
3.08 2.745 . 500 1,224 2, 245 1,149 .28 1,822 1.814 —0.5 1,920 5.4
8.97 2.746 750 1.340 8. 305 L1562 | .385 2. 266 2,258 0.1 2,356 +4.5

4.49 2,760 J875. | 1502 5.085 1,606 .23 2720 2,850 7 3.132 15,2

4,50 2.750 875 1,408 5.040 | L6838 .225 2. 2.827 4,9 3.078 142,

4,48 2.760 .875 1,402 4,950 L g788 224 2,74 2.718 1.6 8.076 12,5

4.49 2,760 .878 1.492 4,950 1 228 2871 2,702 486 8,096 2.4

- T m T T ——

SOAP-FILM TESTS :
8- L280 L780 | 7.94 5. 510 1000 2,468 36.05 . 18.98 0.28 20.30 20. 89 1:2.0 3L 87 :1:7.7
M.__..| L7856 1,256 10.03 5.517 .87 2.278 26.84 19.78 .8 27.48 28,24 2,8 29,17 8.1
14-C2__.| 1650 1.100 9.93° 5160 980 2,150 2038 15,30 315 23.23 22,04 —=6.1 22,90 -4
b1 2. 507 1,260 10.08 5. 512 L 250 2. 029 lg 1.3 45.71 <251 66,08 64.18 —2.8 64,45 —2.4
1502} 2,800 1,050 0.90 5. 050 1,300 2,820 . 20 38,02 8 54, 60 54,60 0.0 54,24 —0.7
16-3....| 1.260 1257 10.00 5. 810 628 1.885 1263 | 1L . 13,74 14.29 +18.5 16.53 +20. 3
16-2-C1.| 1180 1.180 .8.98 5. . 840 L7938 1 10.48 0.2 A 12,76 13,53 6.0 13, gg +7.2
16-2~02.| 1.106 1105 9.98 & .870 L1718 AT 7.58 l N 4.20 10, 84 11,22 3.8 11, +8.0

Al calculations were made with a 20- Inch slide rule.

Cland C2indicate that first or second contour of the plate was used as the boundary of the cross section.
D=Diamster of largest inscribed oircle at junction of componens rectangles.

K20+ Ky 2al

Ki=torsion oomtant of fiange.

Kym=torsfon constant of web,

Reaguits in column headed ““G. and T. formula™ were calculated by the Grlﬂith and Taylor method.
Differences are expressed In per cent of test values.

An examination of the.formula discloses the fact that the formula stlll holds at the limit
where the web approaches zero thickness, since « WLIl also approach zero. At the other 1__1m1t,_ .

where the flange approaches zero thickness, « again approaches zero, butt he value K2=%a¢b,"

is somewhat in egror because the web can no longer be considered a part of a long rectangle.

From the relations holding for an I beam, we obtain results for & T beam directly. The
T beam has only one junction of comporient rectangles and consequently only aD* in the formula.
Also K, must be modified slightly. The web now closes at one end, as it would normally in &
rectangle, and therefore Kj is one-half the X of a rectangle twice as long or

Ky =asbsp,
the value of p corresponding to the ratio 2a+5. Our final result is
K=K, + Ks+aD'

For sections such as an L, we proceed in the same way. The wider leg is considered as the normal
rectangle and the narrower leg as a part of a long rectangle. An examination of Figure 10 will
show why this is done. Figure 11 gives the proper values for . For sections made up of L
junctions, such as U and Z sections, we proceed in the same way and add a correction for each
junction.

In applying tha goap-film method to U and Z sections, advantage was taken of the sym-
metry of these sections with respect to a line perpendicular to the bar at its middle point; L.-
shaped openings in the test plate, having a vertical septum at the ends of one or both legs, were
used. When the legs of the L were of unequal thickness, it was desirable to have & septum at

the end of each leg in order to be able to calculate two types of U or Z sections from a single test.

By means of a simple calculation the effect of the septum at the end, when one is not desired,
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can be removed. Values of the torsion constant given in Table V for U and Z sections were : -
obtained in this way from L-shaped openings.

The actual torsion tests on wooden beams with L, T, U, and Z sections (Table VI) yielded
apparent values of the torsion constant that were considerably greater than those given by the CoT
soap-film method for the same sections. The excesses in the values thus determined are attribu- i
table to two causes:

(1) The stiffening effect of the blocks that were glued to the ends of all beams tested to make o
the end sections rectangular. These blocks hindered the warping of the cross sections that ]
takes place in the twisting of all cylinders or prisms not of circular section. (Fig. 4.) ' .

TaBLE V.—Values of torsion constant K for U or Z beams

[All dimensfons are in {nches] )
I Thickness Overall ¢ Pro- G. and
Fille Boap Differ- I, Differ-
| Test | End of legs T (s 2| Dm0 posed | Differ T Torm Dt
Legs | Bar Lengt ula K
leg bar
: | \Per cané s |Percent
51 ____| Withoutseptum| 1.468 | 1.405 & 51 780 ¢ L765| 9.49 152670140 ) 16.68( 1869 —0.8| 17.71| 46.1!
5-1-C1l.| ... do.——caoo--| L300} 1.390 5.30 7341 0 1630 | 7.08 1208 | .140{ 18.34| 13.07| —3.0} 13.85| +8.9
7-3 do L1263 ] 1.25 5. 51 7.56| O L478 | 477 9.62] 140} 10.12| 10.29 L7] 1090 459
T-3Cl.|o e 0. eee| L2285t L 225 5.44 7521 0 L435 ] 424 8.8 | .140 9.3¢ 9.45 . 6 9.9¢ | 449
-2C2.).—do.—o___| L1680 1160 8.36 7.48| @ 1L.360 | 3.42 7.48 | 140 3.06 7.9 —-L2 8.40| 442
2 e dOoeee | LOOS| 1008 551 7.84] LOO|LB15) 527 5.20 | .200 5.8 6.73 1125 T7.49 | 4-25.4
4-3-C1 do.- 930 940 G, 41 7.48] LO4|[ L4551, 443 413} .305 5.31 b.47 3.0 6. 14 15.7
2-C2_|..__do.__. -800 .810 528 7.38 | L14| L3309 8.21 2.651 .35 .78 3.80 0.5 418 10.6
10—~ With septum___+ L 508 .762 600 | 1L98 .5 L6600 | T.59 13.88¢ .107| 1494 | 1469 | —L7§ 1641 431
10-Cl | .. do___...._| .TI0| L470 5971 1L98 80| Ledd| 724 13.48 1 .108| 1446 | 1425 | —1.4) 1416 —21
10-C2. oGO 380 L4530 5.6 | 1L90 .90 ] L6000 | £.55 11.76 | 003§ 1278 | 1237 | —3.2} 12.82] +0.3
11 do.. L506 | 1.507 6.00 | 1208 .76 | 2.016 | 16.50 290 .215| 26.18) 26.45{ +LO| 2877 iﬂ.g
11-C1. do..- LA50 | 1.470 8961 1200 .79 { 1L.980 | 15.38 20.80 | 220 2498 2418 ~3.2] 26.39 5.6 '
11-C2. do 1.353} L3738 506 11.68 .00 [ L9085 | 1317 1710 | .240] 20.60] 20.26 | —L6] 22156) 475
12 do.-- - 505 602 1200 .73 L5836 6.32 13.07] .072} 13.86| 13.53| —L9| 13.57| —L6
..... @0y LE03.| LB3IL 600| 1202 | L5 | 2280 27.02 22911 .200| 30.72 | 30.74 0.0{ 3458 | 125
13-C1. do.-- L1450 | 1.460 568 ] 11.98) 1.52] 2220|2428 20.62( .300) 28.40| 27.90 | —L7) 31.385] -+10.4
13-C2 do 1.380 | 1380 5904, 1L88| 1562153 |2L% 17.64| .310 | 25.22] 24.31| —8.6[ 27.25| 481
18 e dOeceao.| L133}| LG508 6.08| 1208 .76 | L.820 { 10.97 1711} .182| 18.32 | 18.88 ) -3.0| 2053 12.0
18-C1. do.--. 1040 | 1.460 602 12.00 .81 L7B0]| 9.80 1402 157} 16.16 | 16.42! 16| 17.87 10. 6
18-C2_ .. d0ucceeerf .00 L370 5.08; 11868 .88 L6800} 759 1168} .154 | 1258 | 1288 12.0 1400 [ +1L8
19 oo} 1.508 1. 507 60l | 1200 .38 | L8035 | 12.02 284 177 | B.74] 2613 5.8 | 28.91 [ +13.4
19-C1. do_. L& L 440 5.83 | 11.98 .39 | L815 | 10.86 10.88 ¢ .178 | 21.60| 2L.81| 410} 23.13| +%1
10-C2. do.- 1 1330 591 i 1L82 .49 | L734 | 9.04 15.06 | .193 17.16 | 17.70 13.1 18.75 | 9.3
P 1 HU S 40| 1.504 [ 1504 6.00, 1200} 112)2146 2132 2075 .252 ) 26.34( 28.12{ -+6.8| 3L20 18.4
20-C1. do 1420 L440 504 lLSi L15| 2089 | 18 19.5% | .261 ] 23.36 | 2428 | +40] 2690 15. 2
20-C2__| . dOcmeee | 1280 I 1.310 5.88 ‘ 1L 7 1.25 ) 1.944 | 14.30 1456 .285| 18,08} 18.64 | +3.0| 20.65}| +14.2

All calculations were made with a 20-inch slide rule.

Legs with septums at ends must be treated as parts of long rectangles.

Ct aud C2 Lndlcate that Arst or second contour of plate was used as the bounda:y of the cross section.
D=dfameter of largest inseribed cirele at the junction of component rectangles.

E=2Ri4 K342 D5,

Eim=torsion constant of one leg.

Ki=torsion constant of bar.

Differences are expressed in per cent of soe:{)- values.

Results ha.ded.G and T. Iormula were calculated by the Grifith and Taylor method.
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[All dimensfons are {n inches]

TaBLe VI.—Values of torsion constant K for L, T, U, and Z beams obiained by actual test

L-BEAMS
Thickness Overall = K
: . Fillet : : ; ;
Test i radjus D Dt Ki+EKs L
Long |’ Short BShort R o Test, Proposed (G.and T
leg leg leg formuls | formiyla
ary ~ e -
L1 0. 502, 0. 502 2,738 0. . 0.67¢4 0.208 . 211 0.275 0.234 QﬁT
L2 502 . 502 2,750 . .8 . 206 a2 .25 234 247
L3 L5001 . .500 2.788 0 I A1 .209 .22 Sz
L4 .« 800 «B500 | 2,748 0 .88 .118 <209 285 217
L& .312 .498 2,740 . - 876 .109 .128 .218 L1383 .140
L§ gﬁ A 2.782 812 L107 124 .180 187 139
L7. . . 408 2,727 L6031 04 07 . 284 L2290 242
L8 L6502 l .496 2,787 . T -208 307 221 | s
T BEAMS
Thickness ) ’
- Tot R Fillet N S =
et : b width | oGS O B Proposed |G, and T.| Weber
; ’ Do - AN 8|
. Flange [ Web - : formula | formula | formuls
- . Ed N .
T 0.504 ; 0.504 3.240 | "2.788. 0 0.158 0.2 0. 238 0. 243
T 803 . 508 3. 240 2,754 0.25 -2 .28 . 280
T 503 508 8. 250 2,752 ] L33 .38 . 242
T L . 503 3.240 2.753 .25 .213 277 289
T . 500 8.234 2.740 0 . 208 .21 < B7
T . 504 3.281 2. 740 25 B .21 .28 . 200
T . 501 . 501 3.220 2,749 .80 " +218 . 365 345
T gga . 502 3.230 2, 78¢ .76 %%g 460 413
T . 504 | 3250 | 2750 | © . -
T 508 <508 3. 250 3.7 0 217 .240 . 247
T 504 | .04 | 33O | &7 0 208
T - 504 . 504 8. 250 2.760 0 L1588 it} . 238 [ 2 S IO
U AND Z BEAMS
Thickness Overall . e
Test a giet Dt |2KHE
€S . adias . 1 1 -
iorn Width .ol Proposed |@. and T.! Weber
ber iy ormula | formuls | formula
Leégs | " Bar i formula | formula | formul
u 0.502 3.7% | 0 0. 0.321 0.338 0 350
U 501 3.730 | 0.2 - L8190 . 368 .390
U . 502 8,740 0 . 321 .338 P37 - T S,
U 501 3780 | .25 P .819 .363 .390
U . 879 7 3.4% .25 . .1 161 gg
u g2 | 2 3.513 | .25 . . 203 .22¢ . -
u 628 | & 35 | .5 - .3 . 361 878 |
u L74T | 4,737 8.513 .26 T . 490 . 527 13 2
U 498 2.743 3. 75 0 . .308 .324 . 338
U .498 2,738 3.740 .28 . . 300 . 851 A7 s
u 495 2,748 3.753 80 . 308 . 400 . uaa
U 496 2,734 3.743 .75 3%9 480 112 B
z 48 | 27385 | 8715 [ O .30 .354 ;T T -
Z .469 2,738 3. 71! 0 L3814 . 330 . 345
z . 501 2734 | B 0 . 818 .+ 360 . gg
4 497 2,786 8714 0 316 .828
z .875 | 2.750. | 3780 .50 . 141 .188
r4 375 2.750 3.750 .50 W14 . 189
Z 878 2,750 3.750 .25 . 141 . 159
z .378 2750 3,750 .25 . 142 .161

!

All calenlations wers made with a 20-ineh alide rule,

Weber formula assumes s radius of fillet equal to the thiockness of the narrower component rectang

le.
T 9 and T 11 did not have wéb glued to flange. They act, therefore, as two separate pieces exeept tor addltlons.! stiffness resulting from flller

blocks glued at ends to make end section rect:

For s dlscussion of the discrepancy between caloulated and test values of K, see concluding remarks under ¢ Formnlas for Irregular Solid

Sections.”
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(2) The combination of bending and torsion caused by the fact that in many instances the .

axis of twist did not coincide with the axis of the figure.
Neither of these causes would be as effective with I beams as with the sections just mentioned.
The soap-film method furnishes the value of the torsion constant K associated with pure
torsion under ideal conditions as to the application of torque at the ends. Usually an actual
beam will have a margin of safety as regards torsional rigidity because of the fixity of its ends.

CONCLUSIONS

The soap-film method proved to be a valuable aid in the solution of the torsion problem for
cylinders and prisms for which no rigorous mathematical solution has been found. Not only is
the method capable of furnishing the torsional rigidities and the stresses with considerable
accuracy but it also gives a visual representation of the actual situation as regards torsional
stresses, 8 representation that can be readily interpreted by the observer.

From a study of the soap-film tests and the actual torsion tests, it has been possible to
conclude that the torsionsl rigidity of prisms with sections such as I, T, L, U, and Z, which are
composed of rectangles, is equal to the sum of the torsional rigidities of prisms whose sections are
the component rectangles, corrected by a simple additive term to take account of the increased
stiffness resulting from the junctions of the rectangles.

The formulas developed by C. Weber for such sections were found to be fairly accurate when

the widths of the component rectangles are extremely small in comparison with their lengths, as-

with many rolled-steel sections. (Reference 11.) For sections of wooden beams for which the
component rectangles are wider (say the width greater than one-fifth the length), Weber’s
formulas give torsional rigidities that are much too low. His formulas always assume the
presence of fillets, the radii of which are equal to the width of the narrower component rectangle.
With thicker sections, such as those that we have tested, the variation of the torsional rigidity
with the radii of the fillets can not be neglected. In our opinion, the reasoning employed by
Weber in deriving his formulas is open to objections. The errors introduced, however, are
negligible for very thin sections.

Griffith and Taylor developed rules for calculating the torsional rigidities of prisms of any
section. The application of these rules to sections of the kind that we are considering is rather an
intricate process as compared with the simple computation required by our proposed formula.
The results obtained by Griffith and Taylor’s rules are good for fairly compsact sections. For
sections made up of component rectangles, the results calculated by their rules appear to be
somewhat too high.

Our tests show that the torsional stiffness of & beam may be matenaﬂy incressed by the
way in which it is fastened at the ends. Two other factors are important in connection with the
torsional behavior of wooden beams. They are rate of fiber strain and moisture content.
Corrections for their influence on torsional properties were determined. We have concluded
that a third factor, which has to do with the difference between the moduli of rigidity of wood
referred to planes radial and tangential to the annual rings, may, in general, be neglected in
design and & mean modulus used. For Sitka spruce this mean modulus is between one-fifteenth
and one-sixteenth of Young’s modulus parallel to the grain.

SUMMARY

This report reviews briefly the fundamental theory of torsion and shows how the more
common torsion formulas have been developed from that theory. Formulas for solid and
tubular sections that have yielded to mathematical treatment are given, and empirical formulas
are developed for irregular sections whose component parts are rectangles. The empirical
formulas are a result both of direct torsion tests of wooden specimens and of the application of
the soap-film method of investigation to the sections in question. The mathematical analogy
upon which the soap-film method is based is explained.

The effect of a lack of isotropy in wood, caused by the presence of the annual growth rings,
is discussed and is shown to be relatively unimportant.



704 . REPORT NATIONATL ADVISORY COMMITTEE FOR AERONAUTICS

REFERENCES

Reference 1. Love: Theory of Elaaticity, art 8. .

Reference 2. Love: Op. cit., art. 69, o TT

Reference 3. Love: Op. cit., art. 224, L -

Reference 4. Love: Op. cit., art. 222, Tt o

Reference 5. St. Venant: De la Torsion des Prismes, chap. IX, 1855.

Reference 6. St. Venant: In Navier, Résumé de Lecons —— third edifion with notes and appendices by
St. Venant.

Reference 7. Prescott: Applied Elasticity, arts. 117 and 118,

Reference 8. Presoott: Op. eit., art. 120.

Reference 9. Prandtl, L.: ths Zeitschr, Bd. 4, 1903, p. 758.

Reference 10. Griffith, A. A., and Taylor, G. I.: Technical’ Reports of the (Bntush) Advisory Committee for
Aeronautics, No. 333, June, 1917,

Reference 11. Weber, Constantin: Forschungsarbeiten auf dem Gebiete des In'g‘ehiéﬁfwesens, Heft 249.

BIBLIOGRAPHY
ARTICLES

18556. St. Venant: De la Torsion des Prismes—Extrait du Tome XIV des Mémoires Presentés par divers
Savants a 1’Académie des Bciences. .

1882. Vaigt, W.: Allgemeine Formeln fiit die Bestimmung der Elasticitétskonstanten von Krystallen durch
die Beobachtung der Biegung und Drillung von Prismen. Ann. der Physik u. Chemie (3) 16, (1882),
p. 294. .

1886. Voigt, W.: Ueber die Tarsion eines rechteckigen Prmmas aus homogener krystallinischer Substanz.” Ann.
der Physik u. Chemie (3) 29 (1886), p. 604. _

1896, Bredi: Kritische Bemerkungen zur Drehungselastizitiit. Zeitschrift des Vereins deutscher Ingenieure,
1898, pp. 786-813. .

1899. Schulz, Bruno: Beitrag zur Torsionsfestigkeit. Zeitschrift ftir Architektur und Ingenieurwesen, 1899,
p. 202. :

1901, Autenrieth: Beitrag zur Bestimmung der grdssten Schubspannung im Querschnitt eines geraden, auf
Drehung beanspruchten Stabes. Zeitschrift des Vereines deutscher Ingemeure, pp. 1099, 1901,
part 2.

1903. Prandtl, L.: Zur Torsion von prismatischen Stiben. Physikslische Zeltschnft 4 (1903), p. 758.

1904. Prandtl, L.. Eine neue Darstellung der Torsionsspannungen be! prismatischen Stiben von beheblgen.

Querachnitt. Jahresbericht des Deutschen Mathematiker-Vereinigung, 13 (1904), p. 31.

1906. Anthes, Hugo: Versuchsmethode zur Ermittlung der Spannungsvertexlung bei Torsion prismatischer
Stébe. Dinglers Polytechnisches Journal, Bd. 821, pp. 342, 356, 388, 448, 455, 471,

1908. Kotter, Fritz: Ueber. die Torsion des Wznkelelsens Sltzungsbenchte der Xéniglich Preussxchexi Akademie
der Wissenschaften, 1908, p. 935 ' ) -

1914, Gibson, A. H,, and’ thchie, E. G.: A Study of the Clrcular—Arc Bow—Glrder Constable & Co., Ltd.,
London. .

1914. Xommers, J. B.: Torsion Tests of Cast Iron. American Machimst, May 28, 1914, vol. 40, p. 941.

1915. Batho, Cyril: Torsional Stresses in Framed Structures. The ¢aleulation of torsion stresses in framed
structures and thin-walled prisms. Engineering, October 15; with discussion by Ernest G. Ritehie,
November B, and a reply by Batho, December 17.

1916. Batho, Cyril: The Torsion of Salid and Hollow Prisms and Cylinders. Engneermg, Nov. 24, 1916.

1917. Fopp), A.: Ueber den elastischen Verdrehungswinkel eines Stabs. Sitzungsberichte der Konigl. Akademie
Miinchen.

1917. Griffith and Taylor: The Use of Soap Fllms in Solvm—Torsmn Problems. Reports and Memoranda
(New Series), No. 338, June, 1917. Presented by the Superintendent, Royal Aircraft Factory.
Technical Report of the Advisory Committee for Aeronautics (British) for 1917-18, vol. 8, Strength
of Const., ste.

1917, Griffith, A. A.: The Determination of the Torsional Stlﬁness and Strength of Cylindrical Bars of any
Sections. Reports and Memoranda (New Series), No. 834, June, 1917. Presented by Superin-
tendent, Royal Aireraft Factory. Technical Report of the Advisory Committee for Aeronautics
(British) for 1917-18, vol. 8, Strength of Const., ete._ _

1817, Griffith and Taylor: The Problem of Flexure and Its Solution by the Soap-Fle Method. R. & M.,
No. 399, November, 1917. Presented by the Superintendent, Royal Aircraft Factory. Technical
Report of the Advisory Committee for Aeronauties (British) for 1917-18, vol. 8, Strength of Const,, ete.

1919. Elmendorf, A., and Grenoble, H. S.: Torsion Tests of Bullt-Up Spruce and Wrapped Veneer Tuhes.
Forest Products Laboratory Report.

1921, Trefftz, E.: Ueber die Torsion prismatischer Stﬁbe von polygonalem Querschmtt Mathematische
Annealen, 1921, Band 82. -



TORSION OF MEMBERS HAVING SECTIONS COMMON IN AIRCRAFT CONSTRUCTION 705

1921. The Moduli of Rigidity of Spruce. Philosophical Magazine, vol. 41, June, 1921, No. 246.

1921. Weber, C.: Die Lehre der Drehungsfestigkeit. Forschungsarbeiten auf dem Gebiete des Ingenieurwesens
Heft. 249.

1921-22. Bairstow, L., and Pippard, A. J. Sutton: The Determination of Torsional Stresses in a Shaft of any

Cross Section. Proc. Inst. C. E., 1921-22, Part 2, vol. 214,

1921. Southwell: On the Determination of the Stresses in Braced Frameworks: Part I, The Effect of Axial
Loading, Flexure, and Torsion Upon a Framework of Uniform Rectangular Cross Sections. Reports
and Memoranda No. 737 (British). Technical Report of the Advisory Committee for Aeronautics.

1922. Southwell: On the Determination of the Stresses in Braced Frameworks. Part II, The Effect of Shear
Upon a Framework of Uniform Rectangular Cross Section. Reports and Memoranda No. 790.
Technical Report of the Advisory Committee of Aeronauties (British).

1922. Southwell: On the Determination of Stresses in Braced Frameworks. Parf III, The Effect of Axial
Loading, Torsion, Flexure, and Shear Upon a Braced Tube of any Cross Sections. Reports and
Memoranda No. 791. Technical Report of Advisory Committee for Aeronautics (British).

1922. Southwell: On the Determination of Stresses in Braced Frameworks. Part IV, The Effects of Axial
Loading, Flexure, Torsion, and Shear Upon a Tubular Cross Section with Taper. Reports and
Memoranda No. 819. Technical Report of Advisory Commitfee for Aeronautics (British).

1922. Weber, C.: Die Drehungsfestigkeit von Stben. Zeitschrift des Vereines Deutscher Ingenieure, vol. 66,
pp- 764-769, August, 1922,

1923. Weber, C.: The Torsional Strength of Bars. Mechanical Engineering, vol. 45, January, 1923.

1923. Young, C. R., Sager, W. L., and Hughes, C. A.: Torsional Strength of Rectangular Sections of Concrete,
Plain and Reinforced. Bul. No. 8, 1922, University of Toronto.

1923. Wilson, T. R. C.: Torsion Tests of Box Beams. Forest Products Laboratory Report.

1924. Young, C. R., and Hughes, C. A.: Torsional Strength of Steel I Sections, Bul. No. 4, Section No. 3, 1924,
University of Toronto. :

1927. Dewar, Sir James. Collected Papers of Sir James f)ewar. Cambridge University Press, 1927, vol. 11.
Soap Bubbles of Long Duration, p. 11768; Studies of Liquid Films, p. 1206; Soap Films and Mo-
lecular Forces, p. 1333; Soap Films as Detectors, Stream Lines and Sound, p. 1334.

1828. Huber, Karl. Verdrehungselastizitdt und Festigkeif von Holzern. Zeitschriff des Vereines deutscher
Ingenieure, Band 72, Berlin, 14, April, 1928, Nr. 15.

BOOES

Aufgaben zur Theorie elastischer Kérper. J. J. Weyrauch.

Soap Bubbles and the Forces Which Mould Them. Society for' Promoting Christian Knowledge, Lond. (1890},
C. V. Boys.

Elastizitit und Festigkeit. Bach, C.

Drang und Zwang: Eine héhere Festigkeitslehre fiir Ingenieure. Foppl, A., and Fopp}, L.

Theory of Elastidity. Love.

The Mechanical Properties of Fluids, Collective Work. Van Nostrand, 1924.

Résumé des legons sur I’application de la méchanique & I'établissement des constructions et de machiner. 8. &d.
avec des notes et des appendices de St. Venant. 1864. Navier.






APPENDIX A
PRISMS OF NONISOTROPIC MATERIAL

In order to solve the torsion problem for & wooden beam, we shall consider a prism of non-
isotropic material in which there are three mutually perpendicular planes of elastic symmetry,
one of which is perpendicular to the direction of length of the prism. It will be shown that the
solution of the torsion problem for such a prism can be reduced to the solution of the same
problem for an isotropic prism whose section is obtdined by transforming the boundaries of the
original section through a linear transformation and whose modulus of rigidity is expressed in
terms of the moduli of the original material.

Let the axis of Z lie along the direction of the length of the prism and the axesof X and ¥
be axes to which the boundary of the section is conveniently referred. (Fig. 12.) Let the
planes ZX’ and Z1” be the longitudinal planes of elastic symmetry and let &; and G, be the

4 Yy
a
x X
\\ )
) by
FiacrE 12

moduli of rigidity associated with shearing strains corresponding to the pairs of directions of
the axes of Z and X’ and of Z and Y, respectively.

We form the same general picture of the state of stress and strain as for the isottopic prism
(p. 10) and accordingly we again assume that the components of the displacement parallel
to the X, Y7, and Z axes, respectively, are expressed as follows:

U= _Ty, 2, ‘Z)="TZ$', w=r¢ &, yl)’ 1

where 7 is the angle of twist per unit length and ¢ is a function of #’ and y” only, which is to
be determined.
As a consequence of the type of displacement given by (1), all of the components of strain

vanish except
e, aw ap ( )
l

au ow a
€z=’=$ W= a%—y’)-

(Reference 1.) These are shearing strains corresponding to the pair of directions zy’ and zx’,
respectively. Then all stress components vanish except the components X', and Y”, of shearing
stress and these are given by

(@)

X' =G €22y Y.,=G €yss. (3)
. 707
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(Reference 2.) Referred to the axes X and Y, which make an angle a with the axes X’ and
_ Y,’ the stress components are

X, =Gy ey, sin a— Gy ¢, CO8 q, "y

Y,=G; ¢, c0s a—@G; e,y 8in o
Entering the values of ¢,., and e, from (2), noting that
¥=zrcosa—ysineg, . Y =xsinatycose,

and using the abbreviations - ) .
k=0, sin? a+ G codf q,
7\=(03—G1) sin « €o8 o ’ (5)
p=G0, cos? a+ @G, sin® a,

we find that equations (4) become

X,= (x—+7\ +7\x—xy)
Fir (32428 0 g). K

From the equations of equilibrium and equations (8), we obtain the differential equation which
the unknown function ¢ must satisfy; namely,
(B B 8% |
a +27\ax 6“_2/ —?—0. . . (7)
This equation for the determmauon of ¢ corresponds to equation (3), page 11, for an iso-
tropic prism.
The requirement that the lateral surface of the prism shall be free from traction leads to
the following condition, which ¢ must satisfy on the curve f (x, ¥)=0, the boundary of the

cross section: f f
6¢ d aqS d
Moy ) o (" (8)

=ty Lty & f

After the change of independent variables =

t=bz, L=y, (9)
Where —_— A - - . - . P - -
§= 1/%_@2 7 = %! . (10)
the differential equation (7) becomes T _
3342 82¢ .
3 E, =0. an

If the equation of the boundary f (x, ¥) =0 is transformed into

. F (g n)=0 . (12)
by the change of variables (9) the boundary condition on ¢ in equation (8) becomes

aanF 6q5a oF -
6(32 A% 317 BD “TeET an (13)
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If we lot \
this eondition reduces further to :

06/ oF g/ OF__oF_,oF
3 9% T oy o7 "OE ap (15)
or ,

%%=11 cos (& v)—& cos (1, v), (18)

where » denotes the normal to the new boundary.
From (12) and (14)

62 ’ 62 ’
§%+a—:§=o. an)

The solution of (17) subject to the boundary condition (16) corresponds to the solution of the
totsion problem for & prism whose section has the new boundary (12) and which is composed of
isotropic material.

It will now be shown that the torsional rigidity of the original prism can be expressed in
terms of the torsional rigidity of the transformed prism. For the couple T we have

T= /S (Ta—Xay)de dy.

Entering for X, and Y, their expressions in terms of ¢ (equation 6) and changing the variables
of integration to £ and 5 by equations (9) we obtain

- f f {m;(gg_";_,,‘;—‘;)ﬂ(m de dn, (18)

where the integration is now extended over the area of the transformed cross section. It follows
at once from equations (18) and (10) that the torsionel rigidity ' of the original prism is given by

The right-hand member of this equation is the torsional rigidity of an isotropic prism whose
cross section is obtained from that of the original prism by the transformation (9) and whose
modulus of rigidity is

- (G’, sin 2o+ G, cos a)?
Gok_ : 20
; a.a, (20)
LINES OF SHEARING STRESS AND INTENSITY OF SHEARING STRESS IN A NONISOTROPIC
PRISM )

Let ¥ be a function associated with the transformed isotropic prism as the function ¥ was
with such a prism in equation (10), page 12, that is, let
, 1
Y=y —5(52'*'772),
where ¢’ is a function conjugate to ¢’. It follows that

v’

X,=m« an

AT )
Y,—‘nc('y T 5 )

k3
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If we now express these components in terms of the variables z and ¥, using equatlons 9),

and let
¥ (¢, )=V (&, y— 725) ¥ (2, ¥),

av v
X,_=-nc~a—§: Y. e = TR - (21)
It follows that the curves, ¥(x,y) =constant, are lines of shearing stress and that the intensity
of the shearing stress at any point is equal to —

we obtain simply

ov

™® 35 (22)

v denoting the normal at the point in question to the curve ¥(x,y)=constant, which passes
through that point.

Applications fo certain nonisotropic prisms with simple cross sections.

To take a typical example, let us suppose that the material is wood. It.will be assumed that
the plane X’0Z, Figure 12, is parallel to the annual rings which are considered to lie in planes.
The moduli &, and & (equations (3)) are sometimes called the tangential and the radial moduli,
respectively.

(@) Tug CircLE: o '

Let the axes 0X’ and OX coincide so that a=0. Aft.er the transformation (9) the circle
becomes an ellipse with the semi-axes

(7 and a.
On letting a=0 in equation (20) the modulus of rigidity of the transformed elliptic section is.
found to be _
_a |G o
=@, a

The torsional rigidity of the original circular eylinder is equal to that of the transformed isotropic
elliptic cylinder. We find (p. 15).

_. GG
G—ﬂma"f (23)

On comparing this result (equation (23) ) with that on page 21, we see that the torsional
rigidity of the given nonisotropic circular cylinder with moduli @, and @, is equal to the torsional
rigidity of an equal isotropic circular cylinder with the modulus,

26!1G2 .
G+ G,

It has sometimes been erroneously assumed that this quan’uty is the mean modulus for a section
of any shape.
(3) Ter ErLLIPsE:

The annual rlngs make an angle a vnth the X—ams The section of the transformed cylinder

is obtained by using equations (9). The transformed. section is an ellipse whose axis can be
found. Entering these axes and the modulus as given by (20) in the expression for the torque
of an elliptic cylinder, page 15, we find as the torsional rigidity of the transformed section and
consequently that of the original section

0 m G]_G:

K+ m2 647 (24)
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where m=% and x and p are given by equation (5). If

%’=2 and G, =0.9G,,
we obtain
7.2x0'G,

O= i 6 enTatdg colla

Denote by C, and (4, respectively, the values of C' when o«=0° and 90°, respectively. Then

%= 1.065
(1]
and if
3=3, %f=1.087.
If G1=0.8Gg, we find that
%"=1.142 when %=2,
and %%=1.195 when %= i

The torsional rigidity of an elliptic c¢ylinder in which the annual rings are perpendicular to the
major axis is greater than that of an equal cylinder of the same material with the rings parallel
to the major axis. : :

(¢) Tee RECTANGLE!:

Let a, the angle between the annual rings and the .Y-axis, equal zero.
The equations of transformation (3) become

_ G
: \/@"”
=y

The rectangle with sides 2¢ and 25 is transformed into another rectangle with sides

G,
2«1‘/;—1 and 25.

The modulus of rigidity of the transformed isotropic rectangular prism is, in accordance with (20)
&
og:
Then by the formula on page 15 the torsions] rigidity of the transformed section is

C= Glabs {];?,_6_}\3\/%:}’ (25)

in which \ is to be taken from Table I by replacing the ratio of the sides by

a \/E

bV G,
This result is in direct agreement with that of St. Venant, who obtained formulas for the cases
in which «=0° and «=90°.
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If «x=90° we find that the rectangle is transformed into a rectangle with sides

G_ and Zb

and that the modulus of rigidity of the transformed isotropic prism is
z .
Gg a‘; .
Entering these results in the formula for an isotropic rectangular prism on page 15, we
again obtain St. Venant’s result for this case.

If @ =0.8G, the torsional rigidity of a quarter-sawn board whose sides are in the ratio 3 to
1 is 18 per cent greater than that of & plain-sawn board of the same dimensions.

Y
B .
B - A
Al
7 X
c’
c n
D
F1ouRre 13

In general, the rectangle with sides 2a and 2b and vertices ABUD is transformed into a
parallelogram A’B’ ("D’ whose vertices ake at the points

(8 a, b—na), (—da, b+va), {—8a,—b+ va), and (Sa,—b—vya) respectively.

(Fig. 18.) The sides are . L
' A’'B'=2a++*+ 8 and

A'D"=2b

The modulus of rigidity of the prism of transformed section is given by equation (20). The
acute angle between adjacent sides of the parallelogram is found from the equation. .

tan 0=—6

The torsionel rigidity of the transformed isotropic pnsm whose section is a parallelogram is
calculated by the approximate formuls
_A4
C= Zﬁa

where A is the area of the section and J is its polar moment of inertia. This formula is quite
accurate at the extremes a=0° and a=90° if the ratio of the sides is 3 to 1. The use of this
approximate formula to compute the torsional rigidity of the transformed prisms appears to be
justiﬁed since the angles of the parallelograms into which the rectangular sections are transformed
the factor 41 in the denommator should be replaced by a different number so chosen that the
formula gives results that agree well with the exact values for «=0° and «=90°.
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(d) Tas EQUILATERAL TRIANGLE:
By the transformation (9) the equilateral triangle (fig. 14) with vertices 4, B, and C at

¥ B

FIGURK 14

the points ' —
a a - —— -
(a, 0), (5: -2— ﬁ); and (O, 0) . ——

is transformed into g triangle with vertices at _ _ B

(3a,—~a), [%a’ (1/5—7)%]: and (0, 0), X - . o

respectively. Table VII gives the lengths of the new sides (B’ and ("A’ and their included e
angle 0" =A’("B’ corresponding to various values of the angle o, « being the angle made by the
planes of the annual rings with the X-axis, for wood. It was assumed that

Gl = 0.8Gg ) et
Taprm VII
« 5 - Modulus | C'B'/a | C'A'fa c C/IK =
0 L o z
! 0 Lus | o | 07ieq , 108l | L8 [ &7 03 | 0.1928 o
76 | L115 .032 | .719G. | L0168 | L1116 | 58 .25 | ..1937 L
15 1 101 062 | 734G, | 1000 | 1108 | 50 52 | .192 =
22% | Lo77 085 | .772G, 984 | 1080 | 61 21 | .1924 _
30 1. 052 102 | . 808Gy 1970 | L1056 | 62 45 | .1924 o
45 . 994 11 | . 906G, ;950 | 1001 | 64 45 | .1918 Sz

The torsional rigidity € used in the last column of Table VII was computed by the formula
0-—ﬂi : (27)

where A, J and @ have the same meaning as on page 42. This formula, which is exact for _ e
the equilateral triangle, was thought to be sufficiently accurate for the computation of the
rigidity of the slightly distorted transformed sections. According to the computed values
the torsional rigidity does not vary appreciably with the angle « made by a plane of symmetry
(the plane of the annual rings, for wood) with one of the bases. This resulf is not surprising in
view of the symmetry of the section.

THE SOAP-FILM METHOD OF SOLVING THE TORSION PROBLEM FOR PRISMS OF NONISO- S —
TROPIC MATERIAL

The torsion problem for a prism of nonisotropic material having perpendicular longitudinal
planes of elastic symmetry has been reduced by the linear transformation (9) to the torsion
problem for an isotropic prism of a transformed section and a given modulus of elastlc1ty The
soap-film method may accordingly be used when the transformed section is such that & rigorous i
mathematical solution of the torasion problem for this section is not available. '

104397—30——46
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It follows from (19) in the way in which (15), page 12, was obtained from (6), page 11,

that the torsional rigidity of the original prism, which is the same as that of the transformed

prism, is given by

0=%" S dE dn. (28)

This means that the torsional rigidity of the prism is proportional to the volume inclosed hy
the surface 2=¥’ (£, ) and the plane 2=0, the function ¥’ (£, ) vanishing on the boundary of
the transformed section. Now ¥ (£, n) is proportional to the ordinates of a soap film stretched
over an opening of the shape of the transformed section of the prism, the film being under a
uniform excess pressure on one side.. The proportionality factor can be determined from (28)
and the previous discussion of the soap-film method.

The contour lines of the soap film stretched over the transformed section are the curves
U’ (¢, 1) =constant. These curves when transformed by (9) become the curves ¥ (z, ¥) = constant,
the lines of shearing stress of the original nonisotropic prism. This follows immediately from
equations (21). From the distance between adjacent curves ¥ (z, y¥)=constant, we can, in
accordance with (22), estimate the intensity of the shearing stress at & given point.
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APPENDIX B

THE GRIFFITH AND TAYLOR FORMULAS FOR TORQUE AND STRESS

Method of caloulating torsional rigidity.

The method of Griffith and Taylor, which gives fairly aceurate results for many sections,
is summarized in this appendix. For a comparison with our results see the discussion in the
body of the report. _

We may write for any seetion

, T-GE4: -
in which
T=the twisting moment.
G =the modulus of rigidity.
K =the torsion constant,.
%=the unit angle of twist.
For a circle
E=T,
which may be written
N L |
A= 5 Xri= §7‘2,
in which A=the area. In general, then, let us assume that
4
K= 5 G,

in which O is called the equivalent torsional radius of the section. To determine the twist
for a given moment, we must then find C for the section in question. Checking C for an equi-
lateral triangle against C for its inscribed circle, we find that, while the area for the triangle is 65
per cent greater, C'is only 10 per cent greater; this shows that projecting corners add but little
to torsional stiffness. The first step, then, in getting the correct C for the section under con-
sideration is to round off any projecting corners with an arc of suitable radius. The radius of
such an arc depends upon the angle through which the tangent to the boundary turns in passing
around such & corner, and also upon the radius of the largest circle that can be drawn in the sec-
tion touching the boundary at more than two points. Let « be the angle through which the
tangent passes in turning a corner; for the corner of a square it is 90 degrees, for the apex
of an equilateral triangle it is 120 degrees, and so on. Let b equal the radius of the largest
eircle that can be drawn in the section and call » the radius of the arc for rounding off the corner.
Table VIII gives the ratio of r to b.
715
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TasLe VIIT : : i

a° roo ,az"'_"__ r. | - - ST e
180° T 180° b S

- : . Y —— L
0.0 1. 000 0.6 | 0375 )

.1 . 930 o . 270

.2 . 850 g . 210

.3 . 750 .9 . 170

.4 . 625 L0 . 156 :

.5 B3 | I : . . :

_ . . 3 T 3. [ .__' . -

In this way we make a new figure with all the outward corners rounded off. _ — -

Let . T : .. — -
- A;=the area of the new figure.

P,=the perimeter of the new figure.

Then our first approximation of Cis

01=g£'1'11 ’

Our second approximation is obtained as fo]lows
Let
A =the ares of the ongmal section.
P =the perimeter of the original section. R
b=the radius of the largest inseribed circle. :
24
P’

Then the square of C; as obtained by the first approximation must be multiplied by a factor A
taken from Table IX.

TasLe IX . - . -
b b " L |
- ) 7 A o

; ) . c. ) 7
1.00 | 1.000 0.70 | 0.897
. 95 . 998 . 66 . 848
90 | - 004 . 60. 793 |
85 . 984 . 6§ 732
80 . 968 . 80 667
75 988 || (
N =
We have then
A
E= 5 AT,

Sections in which more than one circle touching the boundary in three points can be drawn
require special treatment. They must be divided into component sections. A value of C for
each component is then caleulated and the results added to obtein a € for the whole section.
In dividing a section into component parts, the following rule is used: Imagine a circle of vary-
ing radius to inove inside the section. There may be several posmons where the circle and
the boundery have three or more points of contact, and between each pair of such positions there
will be & position of the circle where its radius is & minimum. Draw the division lines through
the points of contact of these minimum circles. When the section includes long, narrow portions
bounded by lines parallel or nearly so, such as the web of an I beam, the division lines should
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be drawn at & distance from the commencement of the parallel portion equal to half its thick-
ness. (For further details see Figure 15 and the calculation it accompanies.) Slightly tapering
flanges of I beams should also be treated in this way. When such divisions have been made the
preceding method is applied to each part separately, and the results are added. Two im-
portant instructions must be remembered, however: In the perimeter of each component part do
not include the division lines, and do not round corners formed by the junction of a division line and
a line of the original boundary.

As an illustration of the method, the calculation of the torsion constant for I beam No. 7 of
Table IV, page 30, follows:

The first step is to divide the section into seven component parts as shown in Figure 15.
The division lines are placed by moving half the thickness away from the commencement of

o 224"
le— 52— " .
T 68— L0 ——f 62— _
x . -~ ~, e =
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o Ve Py
F 4 .“" “, ,, g ‘\_ Jﬁ )
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N
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N oy
i
e N
) P §7 v
§ : J
' : ‘i’
N M z 03
FIGURE 15.—Section of test specimen I-7 show-
ing component simple sections

parallel portions. The next step is to round off the corners. The tangent turns through 90

degrees at all corners. Therefore, in accordance with Table VIII %is equal to one-half. Table

X gives the remainder of the calculations. All calculations were made with a 20-inch slide rule.

TaBLE X -
!
24 b1 24

Part y P \F b TR A P, -1—,1—‘ K
B,C,F. G R,S..|0.625| 2.00{0.625 |0.8125|0.500 [ 0.667 |0.626 |2 00 |0.625 [ 0.0814
QH L LM,y Perdemm oo b b e . 0814
AB. S, Tommmmeeee 310 | 1.74| .8564| .250 701 809 | .3033 | 1.633 | .3715| .0192 |.
oY S SR = I N SN S S A SR SN N E . 0192
Lod, Ky e e e e e e e e S, . 0192
O, P, M, Neeeemomee oo e AT RS A A, 0192
R, G, H, Qoo 980 | 8.92 500 250 500 | .667 | .980 | 3. 92 500 | .0817

Total K _jccor ool b b e e o . 3213
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Method of calculating stress.

Two formulas sre given for calculating maximum stress. For compound sections, the
formulas may be applied to each component part separately. Where there are no reentrant—
angles, the following formula is used:

2bﬁ;’b‘|:1+o.15 "jb‘ ):l
+t4r

in which r is the unit angle of twist Ig} and p is the radius of curvature of the boundary at the

point in question. . The maximum stress will usually occur at one of the points of contact
of the largest inseribed circle. An exception may occur if the boundary is more concave at
some other part than at these points of contact.
When the twisting moment is known and the angle of twist is not, r may be obtained, of
course, from—
T= KGr.

Where the boundary is concave, the following formula is recommended:

q= —‘%% 1+{0118 loge(l—-zl) 0.238 b} tanh

in which o is the angle turned through by the tangent in turning sround the reentrant portion.
It must be remembered that for reentrant angles a is negative.



APPENDIX C

DESIGN VALUES FOR AIRPLANE MATERIAL

Recommended design values for wood for use in connection with the formulas of this
report are given herewith. For metal, the allowable shearing stress values at present specified
should be used for ¢ except where better data are now available (as in Technical Note Number
189 of the National Advisory Committee for Aeronautics). For steels for which values are
not now available, 10,000 pounds per square inch added to half the ultimate tensile strength
gives a value that may be used for the ultimate shearing stress in torsion. The values for
wood follow.

Spruce, G=T5—5—_W=84’000 pounds per square inch.

Spruce, 45° plywood, G;=>5G=420,000 pounds per square inch. |
Spruce, ¢=1,000 pounds per square inch.
Spruce, 45° plywood, ¢=2,370 pounds per square inch.



